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ABSTRACT Lake Hula is a restored peat 
wetland in northern Israel. Diversions are 
made from the Jordan River to the wetlands 
through a series of unlined canals to maintain 
a high groundwater table and provide moisture 
for the peat topsoil. A decision support system 
(HANDSS) has been developed to assist 
system managers select diversion rates and 
operate the Lake Hula canal system. HANDSS 
consists of: ArcView® for visualizing the im- 
pacts of alternative operations, groundwater 
simulation models for computing the impacts, 
and optimization models for developing optimal 
operation plans for steady and unsteady con- 
ditions. The Groundwater Modeling System 
(GMS) is imbedded in HANDSS to provide 
data manipulation, groundwater simulation 
using MODFLOW, and link to ArcView® . The 

Multiplex element method is also used to simu- 
late groundwater-surface water interactions 
and serves as the basis to the optimization 
model for determining the canal flow distribu- 
tion that is solved using a genetic algorithm 
scheme. 
KEYWORDS: decision support system, ground- 
water modeling system, simulation, optimiza- 
tion. 
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1  Introduction 
In the late 1950s Lake Hula and its surrounding swamps, located in the northern part of Israel, 
were drained by the Jewish National Fund (JNF) giving over most of the area to agriculture. This 
was a Zionist action aimed at sanitizing malaria-infested areas in the Hula valley and at turning 
the area over into suitable land for agriculture. Soon after the project completion it looked like a 
great success as it allowed cultivation of new fertile land and drove the economy in the region to 
flourish. However, during the last two decades it became evident that there is an ever-widening 
gap between the project expectations and its consequences. The interference in the natural system 
of the Hula valley caused a series of physical and biogeochemical irreversible problems: the peat 
soils decomposed and settled leading to deterioration of the soil quality and narrowing by 10-20% 
the land suitable for cultivation; peat fires accelerated causing dust storms; poisonous weeds 
spread out; field mice multiplied; indigenous fauna and flora disappeared; water bird population 
declined; and the quality of water in Lake Kinneret (the Sea of Galilee) impaired.  

 By the end of the 1980s it became evident that a rapid action of restoration is essential.  With 
this in mind a restoration plan has been established recognizing five different major systems in 
the area (Shaham 1995): (i) the agricultural system that includes the farmers that live from 
cultivating the land; (ii) the national water system that includes the Jordan River that flows 
through the drained land to Lake Kinneret; (iii) the unique flora, fauna, and landscape that failed 
to survive after the drainage of the Hula swamps; (iv) the water supply and drainage system in the 
region; and (v) the organizational system that initiates and regulates the activities within the area. 

It was obvious that in order to reach a restoration engineering scheme, a compromise among 
the groups involved is required (Shaham 1995). The compromise solution that was agreed upon is 
an agro-tourism alternative that incorporates agriculture, tourism, and preservation of the flora, 
fauna, and landscape. The guiding principle of the restoration scheme is to raise and maintain a 
high water table in the Hula valley area using waters from the Jordan River in the west, spring 
water from the Golan foothills in the east (i.e., the Hadofen springs), and internal drainage waters 
of the peat soils. This objective is implemented by a grid of constructed unlined drainage canals 
whose water levels are controlled by a set of hydraulic structures, and by intensive cropping and 
irrigation of the land.  

Managing the water levels within the drainage canals, and the intensive cropping and 
irrigation, should minimize the decomposition and subsidence of the peat soils, ensure a year-
round green cover of the area, allow the farmers to continue the cultivation of their fields, and 
create an artificial lake (called the Agmon) at the center of the area, intended to serve tourism and 
recreation purposes. A box diagram of the structure of the Hula valley restoration site is shown in 

Figure 1, and a map of the 
project area in Figure 2. 

To fulfill the above 
tasks, a three year research 
and development program 
has been initiated by the JNF 
in the following areas: (1) 
research of the peat lands, (2) 
research in the area 
designated for tourism, (3) 
water research (quantity 
and quality, in the Agmon 
and in its peripheral 
canals), and (4) establish- 

ment of a GIS data base. The GIS database: soil, groundwater, water quality, and 
engineering infrastructure data. The database is planned to operate as a continuously 
updated tool. 

 
Figure 1 A box diagram of the structure of the Hula valley 
restoration site 

 17 



A. Ostfeld , E. Muzaffar and  K. Lansey 

 18 

At present, decisions are made 
based on the operator experience and a 
set of observed groundwater levels 
measured in wells located throughout 
the area. The decision support system 
described in this paper: HANDSS, 
focuses on the operation of the canal-
lake system using the constructed GIS 
infrastructure, ground-water modeling, 
and a tailor made optimization scheme. 
The core idea behind HANDSS is to 
provide the operators with information 
on the impact of their decisions on the 
groundwater levels within the area, and 
an approach to optimizing the operation 
of their system. 

 
Figure 2 Map of the Hula project area 

  
2  Literature review 
Given the uncertainties in groundwater and conjunctive use systems and the complexities of flow 
relationships, groundwater management decisions are complex and support for making these 
decisions is critical. Three types of tools for better understanding these systems and the impacts 
of decisions have been developed: numerical simulation models, optimization models, and 
decision support systems. 

Simulation models solve the conservation of mass, energy, and momentum as applied to the 
system.  Numerical modeling has been the primary tool for analyzing the groundwater flow and 
the interaction of groundwater and surface water since the mid-1960s. Many textbooks (e.g., Bear 
1979) provide the mathematical basis for modeling groundwater flow in confined and unconfined 
aquifer systems under saturated conditions. Computer models such as MODFLOW that 
implements these methods are available and widely used (McDonald and Harbaugh 1988). To 
represent surface-groundwater interactions additional surface-water modules are included in these 
codes.  For example, MODFLOW contains a ‘river module’ that uses a simple seepage 
calculation based on Darcy’s law to account for surface supplies.  Computer codes have also been 
developed for simulating the interaction of groundwater and surface water for variably saturated 
groundwater systems. These models better represent the physical system but require more field 
data for adequate calibration and are more computationally burdensome.  In this application, the 
Hula valley aquifer is assumed to react independently of surface conditions. Consequently, a 
saturated model is applied.  

The second set of decision tools includes optimization models.  The models attempt to 
identify the best management alternative. Groundwater management has been an intensively 
researched topic for many years.  Problems in water quantity and avoiding overdraft were 
investigated beginning in the early 1960s.  Early work considered simplifications to the 
groundwater equations by linearization, known as the response matrix approach (Maddock 1972; 
Willis 1984). Later, methodologies were developed that embed the groundwater flow equations 
within nonlinear optimization models (e.g., Aguado et al. 1974; Remson and Gorelick 1980). 
More recently, optimal control methods have been used that also incorporate a full groundwater 
system representation linking a simulation model with an optimization method (Wanakule et al. 
1986).  Each method is appropriate for specific cases of aquifers and management objectives.  

Management tools have begun to move from an academic pursuit to practical usage. In 
practice, implementing simulation and optimization models require more than a computer 
program for the method.  These tools need a full description of the groundwater system and a 
mechanism to manipulate data and view results.  In the best case, the mathematics is transparent 
to the user who might not understand the numerical schemes.  Systems for completing this task 
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are described as Decision Support Systems (DSS).  The systems can be defined as: “interactive 
computer programs that utilize analytical methods, such as decision analysis, optimization 
algorithms, program scheduling routines, and so on, for developing models to help decision 
makers formulate alternatives, analyze their impacts, and interpret and select appropriate options 
for implementation'' (Adelman 1992). Several such systems have been developed for managing 
aquifers. Andreu et al. (1991) presented a computer-assisted support system for water resources 
management including conjunctive use. The system integrated a number of simulation and 
optimization models with interactive graphic input and automated display capabilities on a 
microcomputer.  Stansbury et al. (1991) linked a conjunctive use simulation model, an impact 
analysis module, and a multiobjective decision module in a decision support system (DSS) for 
water transfer planning.  The purpose of the DSS was to help decision-makers analyze the social, 
economic, and environmental impacts of water transfers. Frysinger et al. (1993) described a DSS 
for the design of a monitoring well network that would meet the U.S. Resource Conservation and 
Recovery Act groundwater monitoring regulations. Integrated in the DSS were a highly 
interactive graphical user interface, various simulation models, and a GIS. More recently, 
Fredericks et al. (1998) presented a DSS for conjunctive stream-aquifer management and applied 
it to the Lower South Platte River Basin.  The DSS combined numerical simulation with a GIS 
and network flow optimization for solving an allocation problem.  Directly related to this work is 
Naveh (2000) that developed a linear programming (LP) approach to managing the Hula site 
water-levels, based on the current work framework. Naveh (2000) used a simplified budget 
equation for describing the system’s physics, which was embedded in a linear programming shell. 

 In this paper, a unique system is presented in which surface canal operations that directly 
affect surface recharge must be determined.  The decision support system - HANDSS (Hula 
Aggregated Numerical Decision Support System), has been developed to provide a friendly 
interface between mathematical groundwater models, optimization routines, and the user.  Since 
the groundwater levels vary over space, the DSS relies heavily on visualization of model outputs 
for easier interpretations. The following sections describe the overall model and its components. 
  
3  The Decision Support System - HANDSS 
The front screen of HANDSS is shown in Figure 3. It includes three layers: Visualization, 
Simulation, and Management. Each layer serves a different task. Visualization links the model to 
the GIS data of the Hula project and provides 3D and animation capabilities to the Simulation and 
Management layers. Simulation provides an analytical unsteady approximated solution to canal-

groundwater interactions (Ostfeld et 
al. 1999), and numerical detailed 
groundwater simulation capabilities 
for steady and unsteady conditions 
based on the Visualization layer and 
the Groundwater Modeling System 
(GMS) (www.ems-i.com/). Manage- 
ment provides optimal water alloc- 
ations based on a Multiplex element 
formulation (see Appendix II) linked 
to a Genetic Algorithm engine EVOL- 
VER (www.palisade-europe.com). 

 
Figure 3 The front menu screen of HANDSS 
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3.1 The visualization layer 

 
Figure 4 Soil types in the Lake Hula project 

The visualization layer (see Figure 3) has 
three buttons: GIS, Vumate, and Animation. 
The GIS button links the model to the Hula 
GIS data sets that serve further in constructing 
the detailed groundwater simulation and 
management models (e.g., the soil types in the 
Lake Hula project area in Figure 4, the area 
topography in Figure 5). The Vumate button 
is a 3-D visualization tool used to display 
results at the management layer (see Section 
3.3). The Animation button animates an 
unsteady time dependent solution (e.g., the 
change of groundwater levels with time, see 
Figure 14), giving the operator/user a feeling 
of the impacts of a time dependent solution.  

 
Figure 5 Topographic map of the Lake Hula 
project 

 
3.2 The simulation layer 
The simulation layer has three buttons: 
Analytical, Multiplex FE, and GMS. The 
Analytical button, implemented in Microsoft 
Excel, is based upon Ostfeld et al. (1999). It 
enables receiving an approximate analytical 
solution for channel ground-water interact- 
ions, based on the implementation of Laplace 
transforms to the linearized 1D Boussinesq 
equation: 
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hydraulic conductivity, h
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flow depth above the impervious layer, S  = 
the specific yield), F (x, t) = the function of 
time (t) and space (x) of the imposed sources 
/ sinks, u = the square of the water depth, f(x) 
= a function representing the system initial 
conditions,  = the horizontal dimension of 
the site modeled, and , = the 
boundary conditions at the two ends of the 
site modeled, respectively. An example of 
such an analytical solution is given in 

y

l
(t) g 2 

Figure 6 Schematic  representation of instant- 
aneous raise of water levels at two-boundary 
drainage canals 
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equation (2) below for the instantaneous rise of water levels at two boundary canals (see also 
Figure 6).  
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where:  = squares of initial water depth, rise of water level at left canal, and rise of 
water level at right canal, respectively, n = summation counter, and W = volumetric flux per unit 
area representing sources and sinks of water. 

2α

The Multiplex FE button is a link to the Multiplex Element Formulation (MEF) (see 
Appendix II). Its main implementation is in the management layer that is described in Section 3.3. 
The GMS (www.ems-i.com/) button provides the main vehicle for HANDSS. While the 
Analytical button provides an analytical simplified solution for surface-water ground-water 
interactions, and the MEF a finite element scheme, primarily for the management layer, the GMS 
button uses the GIS data of the Lake Hula project, enabling a detailed simulation of the system 
performance.  

GMS is an independent visual groundwater pre and post processing modeling environment 
developed at the Engineering Computer Graphics Laboratory at Brigham Young University in 
partnership with the U.S. Army Engineering Waterways Experiment Station. It consists of a 
graphical user interface (i.e., the GMS program) that is linked to a number of groundwater 
simulation codes (e.g., MODFLOW, MT3D, MODPATH, FEMWATER), and is capable of 
importing basic GIS data (e.g., the geometry of feature objects through importing ArcView®  
shapefiles). Several tools are provided within GMS for site characterization, model 
conceptualization, calibration, mesh and grid generation, and geostatistics. A complete 
description of GMS is beyond the scope of this paper. This can be found at: www.ems-i.com/. 
     GMS was run with MODFLOW on a major number of simulation scenarios in which the 
boundary conditions, and the hydrologic data (e.g., recharge, evapotranspiration, hydraulic 
conductivities) were modified. In all cases the simulation results could be interpreted, and were in 
compliance with the changes made. In the following snapshot Figures 7 – 14, the basic data 
provided by the user, and an example of simulation results are provided: Figure 7 is the boundary 
condition coverage in which the arcs and node attributes are defined; Figure 8 is the groundwater
hydraulics parameter coverage in which the hydraulic properties of the system are defined (e.g., 
hydraulic conductivities, storage coefficients); Figure 9 is the Recharge/Evapotranspiration 
coverage in which recharge and evapotranspiration are defined; Figure 10 is an observation 
coverage listing the id numbers of the hydraulic structures and their locations; Figure 11 shows a 
grid applied to the Hula site and the main interface to MODFLOW; Figure 12 is the initial head 
coverage for a MODFLOW run established by applying geostatistics to the well head data; Figure 
13 is an example of a map of the water levels in the area resulting from a MODFLOW simulation 
run at one of the time steps; and Figure 14 is an animation of the water-level variations for one of 
the simulation runs.  
 
3.3 The management layer 
The management layer has three buttons: the first for Steady State, the others - for Unsteady. As 
noted, the system objective is to ensure that groundwater levels are within an acceptable range to 
maintain moisture in the peat soils. These decisions are related to flow diverted from the Jordan 
River to the canal system.  The operation decisions are to determine the allocation of flows to 
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canals to maintain the desired groundwater levels.  Excess water that passes through the canals 
will be degraded in quality and should be avoided.  Here we assume that the canal and 
groundwater are disconnected systems and the canal depth does not impact the infiltration rates 
from the canal. A mathematical model was developed and incorporated in HANDSS to determine 
the optimal flow distribution through the canal system. Optimal steady state and transient 
versions of this model were included in the M-LP Steady State, and in the unsteady state buttons. 
   

 
Figure 7 Boundary conditions coverage 
 

 
Figure 8 Groundwater hydraulics parameter 
coverage 

 

 
Figure 9 Recharge/Evapotranspiration coverage 

 
Figure 10 Hydraulic structure observation 
coverage 

 

 
Figure 11 MODFLOW interface 

 
Figure 12 Starting head coverage by applying 
geostatistics to well data 
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Figure 13 Example of output head data at one of 
the time intervals 

 
Figure 14 Change of water levels at the Hula site 
for 30 days for one of the simulation runs 

  
A verbal statement of the canal operation problem can be defined as follows: minimize 

the deviations of the groundwater levels from their target levels subject to:  
• preserving conservation of mass at hydraulic controls (canal junctions); 
• limiting flows in canals below their capacities; 
• diverting less than the available flow in the Jordan river; 
• satisfying physical relationships describing groundwater flow; and 
• maintaining groundwater levels within acceptable bounds. 
Other objective formulations can be introduced such as minimizing the Jordan River diversion, 
given the allowable groundwater level deviation while satisfying the other constraints. The main 
difficulty encountered in this problem stems from the groundwater Boussinesq flow equation 
when directly embedded in the optimization scheme. To overcome this problem we used the 
Multiplex Element Formulation (MEF), described in Appendix II, for modeling the flow 
equations. 
 For steady state conditions the problem can be mathematically written as: 

                    Minimize                                  (3) )DCD(CW n
negneg

n
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i
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where: Dpos and Dneg are the positive and negative deviations of the actual squared piezometric 
levels, u, from their target value, utar, respectively. The superscript corresponds to node n of a 
total of NT evaluation nodes. Cpos and Cneg are the penalty weights for a unit violation above and 
below the target levels, respectively. Qi→j and Qc

i→j are the flow and canal capacity of a canal 
between junctions i and j, respectively.  Wi→j  and WP

i→j are the actual and potential volumetric 
infiltration rates in canal i→j given by: infiltration rate × width of the canal × length of the canal.  
In the Multiplex formulation, this infiltration is divided equally between the end junctions. Qin,i 
and Qout,j  are the inflow to junction i and outflow from junction j, respectively. Qsup (k) is the flow 
diverted to canal k from the Jordan River. Finally, Pi→j is the proportion of the total flow at 
junction i that is supplied to canal i→ j. As described in Appendix II, [Anm] is an N x N 
conductance matrix that describes the groundwater field where N is the number of finite elements 
used to describe the aquifer. [u] is the vector of squared piezometric heads.  The decision 
variables in this problem are the supply to each of k supply canals, Qsup (k), and the distribution of 
flow at each junction node, Pi→j.  

The objective can take on several forms such as: maximizing the groundwater levels 
throughout the system; minimizing the infiltration from the canals after flow diversion from the 
Jordan River (first part of Eq. 6); or minimizing the deviations from target water levels at one or 
more locations (second part of Eq. 3).  The canal constraints describe the infiltration from the 
canal and conservation of mass in the canal network.  

 To simplify the system hydraulics, it is assumed that the infiltration rate is independent 
of the groundwater levels and only related to the surface conditions and available flow, that is, if 
water is available, it will infiltrate. Thus, the actual canal infiltration, W, must be equal to the 
canal’s potential rate, WP, or, if the canal flow is less than WP, the available canal flow, Q (Eq. 4 
and 5). This constraint cannot be posed as a continuous constraint since W may not be 
continuous, and thus standard gradient-based solution methods cannot be applied. Therefore, a 
genetic algorithm (GA), implemented within EVOLVER, was used. 
 A canal’s flow rate is limited by its capacity or, in the case of the inlet canal, the available 
supply (Eq. 6). Similarly, the canal flow rate in any dead-end canals must not exceed its 
infiltration potential since no downstream canal is available (Eq. 7). 

 Conservation of mass is applied to define the flow in each canal. If only two canals flow out 
of a junction, the flow out of junction i to downstream junction j is defined as the proportion 
( ) of the total inflow that has entered junction i. With only two canals, the flow provided to 

the other downstream canal is the remainder or the proportion (1 − P
jiP →

i−j) Σ Qin. If more than two 
canals leave a junction, L, then L-1 proportional values are selected and the final value is 
computed based on the sum of the proportions equaling one. Note that each P must be between 
zero and one (Eq. 10). Mass balance within a canal is given by Eq. 9 in which the canal flow is 
reduced by the infiltration volume.  

 Groundwater relationships are shown for the steady state condition without the time 
varying term (Eq. 11). The extension to transient conditions is minor. The square of the 
piezometric level is required to be within some defined bounds (Eq. 12). Finally, the deviations 
for the target level are computed using Eq. 13.  Since the objective is to minimize the deviations, 
only one of the Ds will be positive at any time. As noted above, the optimization problem is 
discontinuous and thus cannot be solved by continuous optimization models. To this end, a GA 
solution model, EVOLVER was implemented (www.palisade-europe.com/). To demonstrate the 
model application, a brief example is provided for solving the optimization problem. The Hula 
site has been discretized into 577 nodes and 71 canals (Figure 15). The layout of the canal system 
(Figure 2) is fixed and stored in the groundwater-surface water model.  Water from the Jordan 
River can be diverted to the west side of the river through a canal, C1, and to the east side of the 
river through the canals C2 and C3 (Figure 2).  The maximum flow to be allowed through the 
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canals is bounded by the total potential infiltration volumetric flow rate from the canals.  Flows in 
five channels are considered as flow decision variables, and the percentage of flow is the decision 
for twenty channels. With respect to the groundwater conditions, the north and west boundaries 
are not considered to be flow boundaries. Water may leave the system via subsurface flow 
through the east and south boundaries. The bed level is 55 m for the entire domain and the ground 
level data is available in the GIS (Figure 5).  The objective of this problem is to minimize the 
weighted deviations from the target water levels plus the total infiltration, i.e., minimize the total 
flow diverted into the canals. Six target nodes are dispersed throughout the site. The target head 
for all locations was set to 62 m.  

To run the optimization model, the M-LP steady state optimization button is clicked on the 
front page of HANDSS (Figure 3). The input/output screen for the optimization model appears 
(Figure 15). Here the user can change model parameters such as hydraulic conductivity, potential 
infiltration, bed level, average ground level, supply available in the Jordan River, etc. This screen 
also shows the internally computed values of total maximum flow for a zone based on the 
potential infiltration.  
 

 
Figure 15 Front screen of the EVOLVER 
worksheet 
 

 

 
Figure 16 Screen showing EVOLVER settings 
window and variables computation sheet 

 
Figure 17 EVOLVER in progress 

 
 

 

 
Figure 19 VUMATE output showing a 3D 
nodal water level surface (m) of a Multiplex 
element (the numbers shown correspond to the 
four Multiplex element corners) 
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Within EVOLVER, the problem 
defined in Eq. 3-13 is formulated. In this 
example, the target water level was 62 m. 
The levels obtained at the optimal solution 
were between 59.61 and 59.94 m.  To 
examine the robustness of the solution and 
the impact of alternative targets, the Jordan 
River flows and infiltration rates can be 
modified through the front screen (Figure 
15), after which the model can be rerun. To 
modify the objective function, decision 
variables, or constraints, a spreadsheet 
interface (Figure 16) may be called up and 
the spreadsheet operations altered. Once the 
problem parameters are defined, EVOLVER 
is executed. Figure 17 shows the runtime 
window for EVOLVER that provides 
information on the progress toward the 
optimal solution. The results can be displayed 
in several ways after reaching the maximum 
number of iterations or satisfying a 
convergence criterion that identifies an 
optimal solution. The optimal solution and a 
ummary of the decisions is provided on the 

main optimization worksheet (Figure 17). 
Tables of the results including diversions, 

infiltration volumes, groundwater levels, and deviations from the targets are listed in the 
computation sheet (Figure 16), and the Multiplex element nodes used in Figure 18. Finally, a 
three dimensional plot of the water level surface at a specific portion of the site can be displayed 
via VUMATE (Figure 19).  

s
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 Figure 18 Multiplex element nodes for the     
Hula site 

 
4  Summary and conclusions 
This paper described the development and application of a decision support system entitled 
HANDSS: the Hula Aggregated Numerical Decision Support System, for the lake Hula peat 
wetland restoration site in northern Israel. The system is designed as an end user interface that is 
comprised of three main components: (1) ArcView®  to interactively prepare and modify GIS 
data sets, (2) the department of defense Groundwater Modeling System (GMS) to analyze 
subsurface flow regimes, and (3) a management model based on a Multiplex Element 
Formulation (MEF) linked to a Genetic Algorithm (GA) engine, to select optimal water allocation 
alternatives.  

HANDSS has been implemented to support operators of the Hula valley restoration project 
regarding water allocations throughout the system. The DSS uses a click button interface to 
access its three major layers. ArcView®  is used as the basis for management of the spatial site 
data and allows easy display of results for static and time varying conditions. Three groundwater 
simulation routines are available including a multiplex two-dimensional linearization for 
analyzing the surface water/groundwater interactions and the resulting groundwater response to 
changes in canal operations.  

The Groundwater Modeling System (GMS) that has direct GIS connections and implements 
standard groundwater modeling routines is the most general simulation model and includes user 
friendly routines to modify the model’s input files. Finally, an optimal management tool is 
included for steady and transient operations of the canal system.  This model is solved using a 
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genetic algorithm and has a simple interface for inputting parameters and reviewing results.  The 
optimization model results can also be automatically passed to graphically present model results. 
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Appendix I: The Multiplex Element Formulation (MEF) 
The Multiplex Element Formulation (MEF) is a simplified finite element representation of the 
system physics, serving for the construction and implementation of the management model. 
Following is a summary of the MEF. A detailed description can be found in Ostfeld et al. (1997). 
The governing equation for the MEF is the 2D Linearized Boussinesq equation: 

( ) (1)                                                                                                        
 t
u  

h

S
  2W    u K _

r

∂
∂

=+∇∇

∇where: = the divergence operator, K

_

h

= the 2D tensor of the hydraulic conductivities along the 
principal directions x and y, u (x, y, t) = the square of the water depth above the impervious layer, 

W (x, y, t) = the volumetric flux per unit area representing sources and sinks of water, = a 
representative flow depth above the impervious layer used for linearizing the 2D Boussinesq 
equation, Sr = the storage coefficient, and t = time. 

 For ease of developing the MEF we denote 2W as q, 
−

hrS  as s, and rewriting (1): 
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Writing (1a) as a weighted residual over the region of interest R yields: 
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where: (x, y) = the n-th weighted function over sub-region n, and N = the total number of sub-
regions. 

nλ

 Approximating u(x, y, t) in (2) by a Galerkin sequence using m nodal points in R, and 
applying to it Green’s 1st identity, yields:  
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= + dRλ q nR∫ ( ) Γ∫ Γ dλ n q - n  

 
where: n  = a unit vector directed outward of sub-region R , and n q  = the vector of fluxes into 
the region R through its boundary . Γ
 
Denoting: dRλλ K nmR ∇∇∫  as Anm ; as DdRλλ s nmR∫ nm ;  

dRλ q nR∫ + ( ) Γ∫ Γ dλ n q - n  as Qn, and rewriting (3), yields: 
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Equation (4) defines a set of N ordinary differential equations whose solution is the finite element 
solution to (1), over the region of interest R. To solve (4), the integrals defining Anm , Dnm, and 
Qn, that serve as the coefficients in (4), need to be evaluated. These in turn depend on the choice 
of the finite element basic shape (e.g. a triangle), and on the type of the boundary conditions 
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considered. The finite element we chose is the Multiplex element – a special case of an 
Isoparametric element that is comprised of four nodes and forms a rectangle. We did this choice 
for the following reasons: (1) most of the Lake Hula site doe’s not involve irregular or curved 
boundaries, (2) since each finite element is comprised of four nodes, a bilinear interpolation 
function is used (instead of a linear interpolation function for triangular finite elements) which 
better represents the anticipated non-linear (e.g. water levels) results, and (3) a Multiplex element 
shape yields a nice smooth formulation to (4), as the calculation of Anm, Dnm , and Qn  depend 
only on the global coordinate system of the region R, once the local coordinate system is chosen 
at the center of each Multiplex element. This eases the developing of a management code to the 
model.  

 The complete formulation and computation of Anm , Dnm , and Qn is beyond the scope of this 
paper (these can be found in Ostfeld et al. 1997).  The complete formulation involves the 
computations of the local contributions of each of the Multiplex elements comprising R, and then 
their assembly in a global grid coordinate system. We will thus give, as an example, the local 
matrix values:  (i = 1,..,4 ; j = 1,..,4) of an individual Multiplex element, that contributes to 

the A
ji,µ

nm matrix. The µ  terms for an isotropic and non-isotropic Multiplex element, 

respectively, are:  
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Note that the matrices µ  in (5) are symmetric, singular (singular - as expected, since 

they where calculated at a local coordinate system, where yet no boundary conditions where 
introduced), and that the sum of each of the µ  and , i, j elements, equal their 

corresponding i, j elements in µ.  

yyxx µ ,µ ,

xx yyµ

 
Appendix II: Notation 
The following abbreviations are used in this paper: 
2D = Two dimensions,  
GA = Genetic Algorithm, 
GIS = Geographical Information System, 
GMS = Groundwater Modeling System, 
HANDSS = Hula Aggregated Decision Support System, 
IALC = International Arid Lands Consortium, 
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JNF = Jewish National Fund,  
MEF = Multiplex Element Formulation, and 
∇ = the divergence operator. 
The following symbols are used in this paper: 
Anm = dRλλ K nmR ∇∇∫ , 

Cpos and Cneg = the penalty weights for a unit violation above and below the target levels,    
       respectively, 
Dnm = , dRλλ s nmR∫
Dpos , Dneg = positive and negative deviations of the actual squared piezometric  
                    levels, u, from their target value, utar, respectively, 
f(x) = a function representing the system initial conditions, in the 1D linearized   
          Boussinesq equation, 

(t) g1 , = the boundary conditions at the two ends of the site modeled, respectively,  (t) g 2

                        in the 1D linearized Boussinesq equation, 
F (x, t) = the function of time (t) and space (x) of the imposed sources / sinks, in the 1D linearized 
Boussinesq equation, 
_
h = a representative flow depth above the impervious layer used for linearizing the   
      Boussinesq equation, 
K = constant hydraulic conductivity, 
K = the 2D tensor of the hydraulic conductivities along the principal directions, 
l  = the horizontal dimension of the site modeled, in the 1D linearized   
       Boussinesq equation, 
m = an index for the nodal points in R, 
n  = a unit vector directed outward of sub-region , and a summation counter, nR
N = the total number of sub-regions, indexed n, 
Pi→j = the proportion of the total flow at junction i that is supplied to canal i→ j, 
q = twice the volumetric flux, 
q  = the vector of fluxes into the region R through its boundary , Γ
Qin,i , Qout,j  = the inflow to junction i and outflow from junction j, respectively, 
Qsup (k) = the flow diverted to canal k from the Jordan river, 
Qn = + dRλ q nR∫ ( ) Γ∫ Γ dλ n q - n , 

Qi→j and Qc
i→j = the flow and canal capacity of a canal between junctions i and j,    

            respectively,   
R = the region of interest,  

s = the storage coefficient over , 
_
h

Sr = the storage coefficient, 
yS  = the specific yield in the 1D linearized Boussinesq equation,    

t = time, 
u = the square of the water depth above the impervious layer, 
W = volumetric flux per unit area representing sources and sinks of water,  
Wi→j, WP

i→j = the actual and potential volumetric infiltration rates in canal i→j given by: 
infiltration rate × width of the canal × length of the canal,  
WP = canal’s potential rate, 
x = principal direction (West - East), 
y = principal direction (South - North), 
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210 α , α , α  = squares of initial water depth, rise of water level at left canal, and rise of water 
level at right canal, respectively, 
Γ  =  the boundary of region R,  

nλ (x, y) = the n-th weighted function over sub-region n, 
  µ ,µ ,µ yyxx =  Multiplex elements local contributions to Anm , for the isotropic and non-

isotropic cases, respectively, and 
  =Ψ a constant equal to yS / hK . 
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